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Abstract
Let Kdk denote the Cartesian product of d copies of the complete graph Kk . We prove necessary
and su7cient conditions for the existence of a Krk -factorization of K
s
pn , where p is prime and
k ¿ 1, n, r and s are positive integers. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
By a decomposition of a graph G we mean a set {H1; H2; : : : ; Ht} of subgraphs whose
edge sets partition the edge set of G. In this case, we write G=H1 + H2 + · · · + Ht .
A subgraph F of G is called a factor of G, if it spans all the vertices of G. If, in
addition, each component of F is isomorphic to H , we call F an H-factor of G. A
factorization of G is a decomposition of G into factors. A decomposition of G into
H -factors is called an H-factorization of G, and in this case we write H ||G.
Let {H1; H2; : : : ; Hn} be a decomposition of G. We write G=H1 +s · · · +s Hn=
n
i=1 Hi if each subgraph Hi is a factor of G, and G=H1 +d · · ·+d Hn= ni=1Hi if the
subgraphs Hi are pairwise vertex-disjoint.
If G1 and G2 are graphs with vertex sets V1 and V2, respectively, then their Cartesian
product is the graph G1 × G2 with vertex set V1 × V2 and {(u1; u2); (v1; v2)} an edge
if and only if {u1; v1} is an edge of G1 and u2 = v2, or u1 = v1 and {u2; v2} is an edge
of G2. It is easily proved that if Gi has i vertices and i edges, 16 i6 n, then
∏
Gi
has
∏
i vertices and
∑
i
∏
j =i j edges.
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Let k and d be positive integers and let Kdk denote the Cartesian product of d
copies of Kk . One may think of Kdk as the graph whose vertices are the k
d d-tuples
(a1; a2; : : : ; ad); 06 ai6 k − 1, in which two vertices are joined by an edge if they
diGer in exactly one coordinate. In particular, Kd2 is known as Qd, the d-cube. The
literature contains a large number of articles dealing with the d-cube. Factorizations of
complete graphs and complete multipartite graphs into graphs of the form Kdk , where
k is a power of a prime, are studied in [5] and in [6]. Other researchers have also
studied powers of complete graphs (see [1,2] for example).
In this article, we prove necessary and su7cient conditions for the existence of a
Krk -factorization of K
s
pn , where p is prime and k ¿ 1, n, r and s are positive integers.
We note the relationship of these factorizations to a7ne geometries (see [4]). Also, a
Kk -factorization of Kpn (the case r= s=1) is equivalent to a resolvable (v; k; 1)-BIBD
with v=pn, so extensions of our result to powers of complete graphs without prime
power order is a very di7cult problem (see [3]).
Before proving our main result, we need several lemmas. The Krst two extend in an
obvious way to expressions with more terms or factors. Lemma 3 follows from these
two, whose proofs are straightforward.
Lemma 1. We have H × (G1 +d G2)= (H × G1) +d (H × G2).
Lemma 2. We have (H1 +s H2)× (G1 +s G2)= (H1 × G1) +s (H2 × G2).
Lemma 3. If H ||G and n is any positive integer, then Hn||Gn.
The following lemma is a special case of Theorem 6 in [6].
Lemma 4. Suppose k is a power of a prime and let d be a positive integer. Suppose
d1; d2; : : : ; dt are integers with 16di6d for all i and
∑t
i=1 di =(k
d−1)=(k−1). Then
Kkd = K
d1
k +s K
d2
k +s · · ·+s Kdtk .
Lemma 5. For any positive integers a¿ 1, m, and n, (am−1)|(an−1) if and only if m|n.
Proof. Since the order of a modulo am − 1 is m; an ≡ 1(mod am − 1) if and only if
m|n:
Lemma 6. If Kra ||Ksb, then (a− 1)|(b− 1).
Proof. Suppose G is a graph and Gn has Kt as a subgraph. If we think of the vertices
of Gn as n-tuples, then we claim that the vertices of Kt must be constant in all but
one coordinate. For note that adjacent vertices in Gn diGer in exactly one coordinate.
Suppose the vertices of Kt are constant in neither the Krst nor second coordinates. Pick
a vertex x of Kt . There must be a vertex y of Kt that diGers from x in only the Krst
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coordinate and a vertex z of Kt that diGers from x in only the second coordinate. Then
y and z are not adjacent in Gn, contradicting the fact that Kt is complete.
Now suppose Kra ||Ksb. Since Ka||Kra , we have Ka||Ksb. Consider a vertex of Ksb. By
the previous paragraph a Ka in a factor can only use edges that change in a single
coordinate, of which there are b − 1. Since these are used a − 1 at a time, we have
(a− 1)|(b− 1):
Now our main result.
Theorem 1. Let p be prime and let k ¿ 1, n, r, and s be positive integers. Then
Krk ||Kspn if and only if k =pm for some positive integer m and
m|n; (1)
mr6 ns (2)
r(pm − 1)|s(pn − 1): (3)
Proof. First assume Krk ||Kspn . Since Kspn has a Krk -factor, kr|pns, and so k =pm for
some positive integer m. By Lemma 6 we have (pm−1)|(pn−1), and so by Lemma 5
we have m|n. Also pmr = kr|pns, and so mr6 ns. Statement (3) follows from the fact
that the quantity on the left is the degree of a vertex of Krpm and the quantity on the
right is the degree of a vertex of Kspn . So (1)–(3) are necessary.
Now assume that k =pm and (1)–(3) hold. First, we consider the case when r and s
are relatively prime. Let h=(pn−1)=(pm−1), which is an integer by (1) and Lemma 5.
From (3) we know r|sh, and so r|h. Choose s integers 1; 2; : : : ; s ∈{0; 1; : : : ; n=m}
such that 1 + 2 + · · ·+ s= r. This is possible because from (2) sn=m¿ r.
Now we apply Lemma 4. We will take k =pm, d= n=m, t= h, and the integers di to
be h=r copies of the list 1; 2; : : : ; s. Notice that
∑
di = h=(pn−1)=(pm−1)= (kd−
1)=(k − 1). Thus,
K(pm)m=n =Kpn =
h=r
1
{
K1pm +s K
2
pm +s · · ·+s Kspm
}
: (4)
By Lemmas 1 and 2, for any graphs G1; G2; : : : ; H1; H2; : : : we have
(
x
i=1
Gi)× (
x
j=1
Hj)=
x
i=1
(Gi × Hj) and (
x
i=1
Gi)× (
y
j=1
Hj)=
x
i=1
y
j=1
(Gi × Hj):
Thus from (4) we have
Kspn =
h=r
1
{ K1pm +s K2pm +s : : :+s Kspm
}s
:
But {
K1pm +s K
2
pm +s : : :+s K
s
pm
}s
=
{
K1pm +s K
2
pm +s : : :+s K
s
pm
}
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×
{
K2pm +s K
3
pm +s : : :+s K
1
pm }
...
×
{
Kspm +s K
1
pm +s : : :+s K
s−1
pm
}
=
s
1
s∏
i=1
Kipm
=
s
1
s∏
i=1
Kipm =
s
1
Krpm :
From this we see that Krpm ||Kspn .
In general, let g=gcd(r; s). The above proof shows that Kr=gpm ||Ks=gpn , and raising both
sides to the power g yields the desired result by Lemma 3.
Because of the interest in d-cubes, we state the p=2 case of Theorem 1 as a
corollary. We also illustrate the proof of Theorem 1 with an example.
Corollary 2. Let d¿ 1, n and s be positive integers. Then If d6 ns and d|s(2n − 1),
then Qd||Ks2n .
It is shown in [6] that if d|(2n−1) and if d6 n, then Qd||K2n (for example, Q5||K256).
Now suppose we want to show that Q7||K38 . By Lemma 4, K8 =Q3 +s Q3 +s Q1.
Thus,
K38 = (Q3 +s Q3 +s Q1)× (Q3 +s Q1 +s Q3)× ( Q1 +s Q3 +s Q3)
= (Q3 × Q3 × Q1) +s (Q3 × Q1 × Q3) +s ( Q1 × Q3 × Q3)
= (Q3 × Q3 × Q1) +s (Q3 × Q1 × Q3) +s (Q1 × Q3 × Q3)
= ( Q7) +s ( Q7) +s ( Q7)
=
3
1
Q7:
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